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SPECIAL CASE OF A TRAVELING WAVE
IN ONE MODEL OF A MULTICOMPONENT MEDIUM

S. P. Bautin UDC 533.6.011.51

The Kuropatenko model for a multicomponent medium whose components are polytropic gases is
considered. It is assumed that, as © — +o00o, the multicomponent medium is in a homogeneous state
with constant gas-dynamic parameters — velocity, pressure, and temperature. For the traveling wave
flows, conditions similar to the Hugoniot conditions are obtained and used to uniquely determine the
flow parameters for x — —oo from the flow parameters x — +o0o and traveling wave velocity.

Key words: multicomponent medium, traveling wave, Hugoniot conditions.

Kuropatenko [1] proposed a mathematical model for describing flows of multicomponent media based on
quasilinear equations with partial derivatives constructed from the conservation laws for a mixture obtained from
the conservation laws for the components. The model takes into account both the pair interaction of the components
and the cluster interaction of the components with an introduced virtual continuous medium. An advantage of this
model is that it is closed: the system contains an identical number of equations and required functions and its
closure does not require additional hypotheses.

The present paper considers the case where each of the N components (N > 2) of the model of a multicom-
ponent medium proposed in [1] are an ideal polytropic gas with equations of state of the form

Py = (vi — 1)chipiTs, E; =T, i=1,2,...,N.

Here P;, p;, T;, and E; are the pressure, density, temperature, and internal energy of the ith component, respectively,
and v; = const > 1 and ¢, = const > 0 are the polytropic exponent and the specific heat capacity of the ith
component.

For each component, the squared sound velocity ¢; is equal to

¢ =yi(vi — 1) T

In addition to the indicated functions, multicomponent flows are characterized by the volume concentrations a; and
partial densities of the components o; = «;p;.
We consider the case of plane symmetric flows

0 _ 0 — 0,
8$2 8$3
where the velocity of each component is parallel to the Ox axis (v = x1; 21, @2, and z3 are Cartesian coordinates
in physical space), i.e., it is given by the scalar quantity wu;.
Thus, the required functions are the 4N functions oy, u;, T3, and «; (1 < ¢ < N) which depend on the time ¢
and the coordinate = and are solutions of the system of 4N equations [1] written in dimensionless variables:
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Here
pi = q; P = (i — l)cgiaiTi, g = FE; + O.5uf

are the partial pressure and specific total energy of the 7th component, respectively;
1 al 1
ksi = T, OilU — Ui) Tsi = O QA i (Uj — Us), Gsi = o Pi T 03l )(U — Uq ),
f 5 il )? ( ) o (i +0iEi)( )
j=1

N N
psi =iy albji(Py = P) + eu(Ty = T)l, Asi = 0500 ) ajaji(uf —uf),
j=1

Jj=1

| N N
UZO_ZO'iUi, U:ZUZ'
1=1 1=1
are the virtual velocity and partial density, respectively;
aij:aji>07 bijzbji>0, CijZCji>0 (1§i<N, 1§]§N)

are constant exchange coefficients, and a;; = b;; = ¢;; = 0.
Remark 1. In the derivation of the model of the multicomponent medium in [1], the equality

N
Z Q; = 1 (2)
=1

is postulated without being directly attached to system (1); therefore, for each constructed solution of system (1),
it is necessary to additionally verify the validity of equality (2). In [2], this is performed for flows in equilibrium in
velocities. In the present paper, concrete solutions of system (1) are not constructed; therefore, there is no need to
verify the validity of equality (2).

Next, we write the quantities p;, frsi, Tsis €i» si, Psi, and Ag; from system (1) in terms of the required
functions o;, u;, T;, and «;, and, to study the properties of the partial solutions of system (1) — traveling waves —
we introduce the independent variables 7 and z:

T =1, z=ux— Dt, D = const

(D is the traveling wave velocity). Since a traveling wave is a function of only z, we set 9/97 = 0. Then, system
(1) becomes the following system of ordinary differential equations:
(90'1' + 8 (O'lul)
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Remark 2. Since system (1) is invariant under the Galilean transformation [1], the solutions of system (3),
(4) are in fact steady-state solutions of system (1) in the corresponding system of coordinates.

For a one-component medium in gas dynamics, the functional equations linking the shock wave (SW) velocity
D and the gas parameters UY and U* on the different sides of the SW are called the Hugoniot conditions [3, 4]. These
conditions are derived using the following method [4]: in the gas-dynamic equations describing one-component flows,
the above transformation to the variables 7 and z is made and it is assumed that 9/97 = 0, i.e., partial solutions of
the equations of gas dynamics — traveling waves — are considered. The result is a system of ordinary differential
equations in which the required functions depend only on z, and the first integrals are Hugoniot conditions. For
these Hugoniot conditions, the determinacy theorem [3] is proved, which, in particular, implies that the values of
U! are uniquely determined from the specified parameters U" and D.

In the present paper, the same approach is applied to a multicomponent medium in the case of an arbitrary
number of components of the medium, i.e., for V > 2. For this, the first three equations of the obtained system of
ordinary differential equations, i.e., Egs. (3), are integrated over z and similar terms in them are cancelled. As a
result, we obtain three groups of relations:

oi(u; — D) = Ch 4,
Uiui(ui — D) + (%‘ — 1)Cgi0iTi — ai(u — ui)2/2 + Il(z) = 0271', (5)

cgiaiTi(%ui — D)+ aiuf(ui —D)/2 — osui(u—u)? /2 + ’yicgicriTi(u —u;)/2+ Ji(z) = Cs.

Here i =1,2,...,N; C1,;, Ca2,, and C3; are arbitrary constants obtained by integrating system (3) over z, and
+oo N
1) = [ s 3 ajasfus(©) - ui(€))
z Jj=1

+oo N
Ji(z) = / % Z ij{bjz' [P;(&) — Pi(&)] + cja[T5(€) — Ti(€)] + 0.5a[u3 (&) — U?(f)]} dg.

Remark 3. It is assumed that, as —oo < z < +00, all improper integrals converge.
Remark 4. The integrals I;(z) and J;(z) are obtained with allowance for the value of the derivative of the

integral with a variable lower limit
b
!/
([r©d) =t

We will further study the properties of only those traveling waves for which the parameters of all components
take constant values as z — *o0:

lim U;(z) = U?, lim U;(z) = U}, 1<i<N (6)

z—+400 Z——00

(the coordinates of the vectors U; are the quantities o, u;, T3, and ).
Assuming that, for z = o0, multicomponent flows are in equilibrium in velocities, temperatures, and
pressures:

UO — UO, 7‘;0 — TO, Pio —_ PO7 U% — Ul, 7‘;1 —_ 7‘:17 Pil _ Pl (7)
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(1 <i < N), we write the relations
P P!
0 0 0,0 1 1 11
D = , S =P, - = , =P, 8
Pi (71 _ 1)621T0 0; iPi Pi (71 _ 1)621T1 0; iPi ( )
where 1 < ¢ < N. We will also assume that, for the traveling waves considered, the following equalities hold as
z — *oo0:

N
Za?zl, Za}zl. (9)
i=1 i

Since the purpose of the present work is to determine the constant parameters of the multicomponent
medium U} for z = —oo [using assumptions (6)—(9) and from the traveling wave velocity D and the parameters of
the multicomponent medium U specified for z = +00], it is necessary to obtain conditions similar to the Hugoniot
conditions. However, concrete flows will not be constructed.

Remark 5. In [5] this model of a multicomponent medium is used to consider flow with one SW, on both
sides of which the velocities, temperatures, and pressures are in equilibrium. In [5], it is proved that, in this case,
the parameters of each component on the different sides of the SW are linked by the usual Hugoniot conditions
[3, 4]. Then, in the general case where the thermodynamic parameters of the components are different and the SW
velocity is identical for all components, equilibrium of the velocities behind the SW is impossible. Therefore, in the
present paper, the number of strong flow discontinuities is arbitrary and equilibrium for velocities, temperatures,
and pressures is assumed only in the limit as z — £oo but not in the middle part of the flow.

In view of conditions (6) and (7) and the equalities

hm Ii(z) =0, hm Ji(z) =

z——+00 z—+00

which hold under the assumption of convergence Of the improper integrals, we pass to the limit as z — 400 in
relations (5). As a result, we obtain relations from which the constants C ;, Cs;, and Cs5; are uniquely determined
using the values of D and U:

O =od(u’ — D), Cyi = odul(u® — D) + (v — 1)%,097°,

vi7 1

10
Csi = .0)T (vu® — D) 4+ 0.509 (u®)?(u" — D), 1<i<N. (10)

Vi1

In the derivation of relations (10), we took into account that

N N
lim u(z) = E a?uo/ E o) =u;
z—+400

i=1 i=1

therefore, hgl (u—wu;) =0.

We introduce the notation

Z——0Q

+oo N
I,L-l = lim Il(Z / Z a]l u] ) - ’U,l(Z)] dZ,

+oo

N
Ji= lim_Ji(2) / Z { Py(2) — Pi(2)] + eulT(2) — To(2)] + 0.5a[u3(z) — ul(z )]} dz,
and, taking into count that 11121 (u —u;) = 0, we pass to the limit as 2 — —oo in relations (5). As a result, for
the unknown quantities o}, u', 7%, I}, and J} (i = 1,2,..., N), we obtain the functional equations
o;(u' — D) = Cy; (11)
oiut(ut — D)+ (i — D)ot T + I} = Cy 5 (12)
2.0t T (yut — D) + o} (uh)?(u' — D)/2 4+ J} = Cs;. (13)



From Egs. (11), we have
Ch
1_ i ~
o= " 1<isN, (14)

which allows the quantity o to be eliminated from Eqgs. (12) and (13):

Tl
C’Liul =+ (’}/1' — 1)681-01)1' Wl — D + Il-l = 0271'; (15)
CO-Cl i T (’7"111 - D) + ! Ch ‘(u1)2 + Jl = Cs; (16)
v 52 Ul o D (2 2 N 7 N2
where i =1,2,...,N.
Equations (15) are summed over i = 1,2,..., N:
N N 7 N N
1 0 1_ .
(Z;Cl,i)u + (Z;(% - 1)CmCl,i) W — D + Z;Ii = ;Czp

Similar summation of Eqgs. (16) over i leads to the equality

N T N T PR N N
0 1 0 1\2 1 _ .
(;cviCLwi) Wl — D U — (;Cviclﬂ') Wl — D D+ 9 (; Ol,i) (u ) + ; Ji e ; Cg)l.

Theorem 1. The following equalities are valid:

N N
Srr=> Jt=o.
i=1 i=1

Proof. The above sums are integrals of linear expressions of the type

N N
> {di,j [9;(2) — gi(Z)]} dij = dj.
i=1 j=1
If k =1, then gx(2z) — gi(z) = 0. In another case for any pair of different integer numbers (k,1), where k # [, each
of the sums contain two such terms:

diilor(2) —gu(2)],  diglai(z) — g (2)]-

In view of the equality dj; = d; i, the sum of these terms is identically equal to zero. Since it is assumed that the
improper integrals converge, the summation and integration operations can be interchanged. As a result of this
rearrangement, the subintegral functions become equal to zero and, hence, the integrals also become equal to zero.
The theorem is proved.

Remark 6. The equality to zero of the sums of the integrals I! and J}! (1 < i < N) follows from the
conservation laws for momentum and energy (including the case of interaction of different components) underlying
the model of multicomponent media considered [1].

Thus, the summation results in the following equations for the two required quantities u! and 7'

1

Ciu' 4 Cy " o Cy; (17)

1_D
T T

1
1 1\2
1_Du _O5u1_DD+201(U):Cg. (18)

(04 + 05) u

Here
N N N
Cr=Y Cui, Cy=)» Cy;  Cy=)Y Ciy
=1 =1 1=1

N N N
Cy = Z(% —1)e),Chi, Cs = chicl,iv Z%’Cgicl,i = C4 + Cs.
i=1

i=1 i=1

580



Expressing the quantity 7 /(u' — D) from Eq. (17)
Tl _ CQ — C’lul

= 1
wop= o (19)
for the velocity u! we obtain the quadratic equation
1 1
- - 1
Oty 2O o GG Loy ey
Cy Cy 2
which can be written in the traditional form
A(u')? +Bu' + E =0, (20)
where
A— 1 cn 01(04 + 05) _ 01[04 — 2(04 + 05)] _ _01(04 + 205)
2 ! Cy 20, 20,
B 02(O4+C5)+0105D, E:_OQO5D N
C4 C4

One of the roots of Eq. (20) is the parameter u°. Indeed, if in relations (10), which do not contain the integrals I;(z)
and J;(z), we make the same actions as in relations (11)—(13) (elimination of oY, summation of two groups of
equations over 7, and elimination of T°), we obtain

A(®)? +Bu’ + E =0.
According to the Vieta theorem, the roots of Eq. (20) satisfy the equality
u' +u’ = —B/A,
Hence,
u' = —B/A —u°. (21)
Determining the value of u! by formula (21), from relations (14) we find the values of o} (i = 1,2,...,N).
Then, from (19) we obtain T* = (u* — D)(Cy — Cyut)/Cy. After that, we find o} (i = 1,2,...,N) as follows. For
z — —00, there is pressure equilibrium:

(y1 = D) piTh = (s — 1)cgjp]1-T1, j=2,...,N.

Therefore,
pi (v —1)e);
le‘ (m = 1)),
Because o} = alpl (i=1,2,...,N), it follows that o} = o}/p}, and, hence,

1 1.1 1 0
Q0P Uj(%‘_l)%j 9 N 99
S T R | 0. J=2 4V, (22)
@ P01 oi(m — ey
where the fractions on the right side are already known. We denote these fractions as

b — U}(%’ - 1)083‘
Jj = 0 )

j=2,...,N
of(m — 1))

and write equality (22) as
aj = kjoq, j=2,...,N. (23)
According to expressions (9), we have
af(l+ko4...+ky)=1.
From this, we determine
al =1/(1+ ke + ...+ kn),
and then, by formulas (23), we find the remaining values aj (j =2,...,N).
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Using relation (14) for o} and taking into account the constants Cy; (10) given by equalities (10), from the
condition of flow pressure equilibrium for z — +oo, we obtain

kj=aj/a},  j=2,...,N. (24)

Indeed,

oj(vj = Dey; _ Crjly = ey of(y = 1ey; _ afpj(y; = ey, 7O ofP) o
0 - 0
1

ki = - = - =
Toolm =10, Cian =1 o -1 a1 TY P«

From formulas (23) and (24), it follows that

N N 1 N 0
BRI ED DI T DS
i=2 j=2 1 j=2 1
Therefore, in view of equality (9), we have
ot = af.

Then, from relations (23) and (24), we obtain

1_ .0 -
a; = aj, 7=2,...,N.

After that, from relations (12) and (13), we find the remaining required quantities

I} = Co; — oju' (u' = D) — (v — )0, T,

J=Cs, — 8.0t T (viu! — D) — o} (u')?*(u' — D)/2, 1<i<N.

VLT 2

Thus, in the particular case where, as z — 400, the medium with N components is in homogeneous states

at equilibrium velocities, temperatures, and pressures
lim U;(z) = U?, lim U;(z) = U},
z—+00 Z——00

the following theorem similar to the determinacy theorem [3] is proved.

Theorem 2. If equalities (6)—(9) are valid, the parameter U} and the integrals I} and J} are uniquely
determined from specified values of UY and the traveling wave velocity D; in this case, a} = a? (1 <i < N).

In the case of a one-component medium (N = 1), i.e., in the case

&= p=n, (25)

v v

formula (21) for u® = 0 becomes formula [4]
0)2
W= 2 (D— (<) ) (26)

In this case, the following constants are used:

Cy = —Dy°, Co = (=Dp")(v = )T /(= D),
Cs = (_Dpo)choﬂ Cy = (_Dpo)(ﬂ/ - 1)0?;7 Cs = (—Dpo)cv,

A:—(—D O) 7+1 ’ B:—Dpo (D_(CO)Z).
2(y—1) v-1 D
The transformations resulting in formula (26) are not given here due to their length.

The proposed technique can be used in the case of other equations of state for the components. Similarly, it
is possible to obtain equations corresponding to Egs. (17) and (18) which are functional equations for the required
quantities u* and T for specified D and U?. The form of these functional equations is determined by the form of
the equations of state for the components. This approach can also be applied to other systems of equations with
partial derivatives, whose solutions describe flows in media in which there is the corresponding interaction of various
components, for example, to the equations describing flows in a multitemperature plasma [6, 7].

This paper was supported by the Russian Foundation for Basic Research (Grant No. 08-01-00052).
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